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Abstract.
Gliomas differ from many other tumors as they grow infiltratively into the brain
parenchyma rather than forming a solid tumor mass with a well-defined boundary.
Tumor cells can be found several centimeters away from the central tumor mass that
is visible using current imaging techniques. The infiltrative growth characteristics of
gliomas question the concept of a radiotherapy target volume that is irradiated to a
homogeneous dose - the standard in current clinical practice.
We discuss the use of the Fisher-Kolmogorov glioma growth model in radiotherapy
treatment planning. The phenomenological tumor growth model assumes that
tumor cells proliferate locally and migrate into neighboring brain tissue, which is
mathematically described via a partial differential equation for the spatio-temporal
evolution of the tumor cell density. In this model, the tumor cell density drops
approximately exponentially with distance from the visible gross tumor volume, which
is quantified by the infiltration length, a parameter describing the distance at which
the tumor cell density drops by a factor of e.
This paper discusses the implications for the prescribed dose distribution in the
periphery of the tumor. In the context of the exponential cell kill model, an exponential
fall-off of the cell density suggests a linear fall-off of the prescription dose with distance.
We introduce the dose fall-off rate, which quantifies the steepness of the prescription
dose fall-off in units of Gy per mm. It is shown that the dose fall-off rate is given by
the inverse of the product of radiosensitivity and infiltration length. For an infiltration
length of 3 mm and a surviving fraction of 50% at 2 Gy, this suggests a dose fall-off of
approximately 1 Gy per mm. The concept is illustrated for two glioblastoma patients
by optimizing intensity-modulated radiotherapy plans.
The dose fall-off rate concept reflects the idea that infiltrating gliomas lack a defined
boundary and are characterized by a continuous fall-off of the density of infiltrating
tumor cells. The approach can potentially be used to individualize the prescribed dose
distribution if better methods to estimate radiosensitivity and infiltration length on a
patient by patient basis become available.
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1. Introduction
Gliomas differ from most other tumors in the sense that they do not form a solid tumor
mass with a defined boundary. Gliomas infiltratively grow into the adjacent brain tis-
sue, forming a diffuse spread of tumor cells. Most high grade gliomas, i.e. glioblastoma
multiform (GBM), form a solid tumor mass which is locally destructive to the normal
brain tissue and mainly consists of tumor cells. Reactive edema typically surrounds
this core that histologically reveals largely normal brain tissue with an infiltration of
tumor cells. It is well known that tumor cells infiltrate the adjacent brain tissue and
can be found several centimeters beyond the enhancing tumor mass that is visible on
MRI [1, 2, 3]. Functional imaging modalities including amino acid Positron Emission
Tomography (PET), including FET (Fluoro-Ethyl-Tyrosine) and MET (Methionine)
[4, 5, 6, 7], have potential to improve the definition of the gross tumor volume. How-
ever, these modalities also fail to identify areas of low tumor cell infiltration.
In this paper, we analyse a phenomenological tumor growth model based on the
Fisher-Kolmogorov equation, which estimates the spatial distribution of tumor cells in
the brain. The model is based on the assumption that tumor cells proliferate locally and
migrate into neighboring tissue. This can be described mathematically by a reaction-
diffusion equation with a logistic growth term. The model reflects two characteristics
of glioma:
• An anisotropic spread of infiltrating tumor cells around the central core: The spatial
distribution of tumor cells is modulated by anatomical boundaries like the ventricles
and the falx, and by a reduced infiltration of gray matter compared to white matter
[8, 9].
• A continuous fall-off of the tumor cell density with distance from the core and the
lack of a defined tumor boundary [1, 2, 3].
A comprehensive review of the growth characteristics of glioma can be found in [9]. The
growth model can be used for radiotherapy planning in two stages:
• The shape of the target volume is modified as to match an isoline of the simulated
tumor cell density.
• The prescription dose is redistributed based on the local tumor cell density in order
to deliver less dose to regions of low tumor cell density, and (possibly) boost the
regions with high tumor cell density.
This paper primarily addresses the second aspect, i.e. the implications of the tumor
model for determining the optimal dose distribution prescribed to an inhomogeneous
tumor. To that end, we couple the Fisher-Kolmogorov tumor growth model with the
linear-quadratic cell survival model after irradiation. The first aspect, using the growth
model for automatic delineation of a radiotherapy target volume, taking into account
growth characteristics, is discussed in an accompanying paper [10].
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1.1. Clinical data and standard of care
Typical radiotherapy treatment protocols prescribe a homogeneous radiation dose of
60 Gy to the target volume defined as the abnormality on T2 weighted MRI plus
approximately a 2 cm margin. Variations of this protocol prescribe a dose of 46 Gy
to this volume, and a dose of 60 Gy to a smaller volume defined as the abnormality on
T1 weighted MRI post contrast plus a margin of approximately 2 cm. Both strategies are
considered standard of care for radiotherapy of glioblastoma [11]. The current standard
of care is mainly driven by the following three observations:
1. Most tumors recur centrally: For the commonly delivered dose of approximately
60 Gy, most tumors recur at the location of the primary tumor [12, 13, 14, 15].
In rare cases, the tumor recurs distant from the primary tumor and outside of the
treatment volume‡. Whereas standard of care is based on a 2-3 cm margin around
the visible tumor, substantially reduced margins are reported to not change the
recurrence patterns [15]. Some studies report changes of the recurrence patterns
towards more distant recurrences for doses of 90 Gy [16, 17]. However this was not
found in all studies [14] and not for doses in the range of 70-80 Gy [18].
2. Dose escalation trials fail to demonstrate a benefit for doses above 60 Gy: An early
trial comparing 60 Gy to 70 Gy showed no improvement in the high dose arm [19]. A
randomized clinical trial comparing standard fractionated radiotherapy to standard
radiotherapy plus a stereotactic boost failed to demonstrate any improvement in
survival [18]. Similarly, trials comparing standard fractionated radiotherapy to
standard radiotherapy plus brachytherapy failed to demonstrate a significant benefit
for dose escalation [20]. Whether doses of 90 Gy yield improvements in survival is
unclear. It has been reported in some studies [17], but was not confirmed in others
[14, 16].
3. The risk of radiation necrosis increases for doses above 60 Gy: Main side effects of
radiation include radiation necrosis as well as brain atrophy, which correlates with
fatigue and cognitive decline. For standard fractionation, the QUANTEC review
[21] estimates a 5% risk of radiation necrosis at a dose of 72 Gy and a 10% risk
at 90 Gy. This is consistent with the results reported in [22]. For stereotactic
radiosurgery treatments, the incidence of radiation necrosis increases with the
treatment volume [21]. The risk of radiation necrosis increases if chemotherapy
is administered concurrently. It is commonly assumed that cognitive decline and
fatigue worsen with increased integral dose, however, data to establish a dose-
response relation is weak [21].
The prescribed dose of 60 Gy in current clinical practice is driven by three main factors:
the established benefit of radiotherapy to improve median survival compared to surgery
alone [23, 24, 25]; the negative outcome of dose escalation trials beyond 60 Gy; and the
increasing risk of radiation necrosis for larger doses.
‡ Most authors distinguish central, marginal, and distant recurrence. However, the definition of these
terms is not always entirely clear and varies between authors.
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1.2. Approach to optimizing spatial dose prescription
The observation that tumor cells can be found at almost any distance from the central
core [1, 2, 3] questions the concept of a target volume in general, and a homogeneous
dose prescription in particular. A possible criterion for determining the ideal dose
distribution prescribed to an inhomogeneous tumor is based on the idea of minimizing
integral cell survival in the context of the linear-quadratic cell survival model [26, 27, 28].
For most solid tumors with a defined boundary, differences in the tumor cell density have
often been considered irrelevant. This results from the exponential cell kill behavior:
For a surviving fraction of 50% at a standard fraction dose of 2 Gy, a dose of 2 Gy
is sufficient to compensate for a factor 2 difference in the initial cell density. Thus,
heterogeneities in radiosensitivity (e.g. due to hypoxia) have been considered to be
more important than differences in clonogen density. Gliomas play a special role in that
respect: The cell density drops by orders of magnitude with distance from the core. For
the Fisher-Kolmogorov tumor growth model, the tumor cell density drops approximately
exponentially with distance from the solid tumor mass [29, 30]. This paper discusses
the implications of the exponential fall-off for radiotherapy planning. In particular, this
paper addresses the question, how the prescribed dose should be distributed spatially,
given a limit on the integral dose delivered to the patient. Determining this integral
dose constraint is not only determined by the tumor but depends also on the tolerance
of the brain tissue; it it thus not the topic of this paper.
1.3. Contributions and organization of this paper
The remainder of this paper is organized as follows: In section 2 we summarize the
essential features of the previously published Fisher-Kolmogorov tumor growth model,
which are relevant for this work. Section 3 is the main contribution of this paper.
Here, we discuss the implications of the tumor growth model regarding the optimal
distribution of the prescription dose in the context of the linear-quadratic cell survival
model. It is shown that an exponential fall-off of the tumor cell density suggests a
linear fall-off of the prescription dose with distance. We introduce a dose fall-off rate
parameter, which quantifies the steepness of the prescription dose fall-off, and replaces
the concept of a target volume with a defined boundary and a uniform dose prescription.
In section 4, we discuss intensity modulated radiotherapy (IMRT) planning strategies
and illustrate the differences in the corresponding dose distribution. In section 5, we
discuss the results of this paper in the context of the available clinical data as well as
limitations of the model and uncertainty in its parameters.
2. Tumor growth model
Tumor growth is modeled as local proliferation of tumor cells and migration into
neighboring tissue. This is described mathematically via the Fisher-Kolmogorov
equation. For a description of the model, the reader is referred to section 2 of the
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accompanying paper [10] and the references therein. The property of the model that is
most relevant to this paper is the exponential fall-off of the tumor cell density. Denoting
the tumor cell density by c and the distance from the central tumor mass as |r| we








within a region of white matter. The parameter λw is called the infiltration length and
denotes the distance at which the cell density drops by a factor of e in white matter.
The infiltration length relates to the model parameters proliferation rate ρ and white
matter diffusion coefficient Dw via λw =
√
Dw/ρ. Due to anatomical boundaries and a
reduced infiltration of gray matter ( modeled through a shorter gray matter infiltration
length λg ≪ λw) the distribution of tumor cells is modulated spatially. Equation (1) is
only valid within white matter, whereas the falloff is steeper in gray matter.
A detailed case study of spatial growth patterns can be found in the accompanying
paper [10]. To help the reader, we discuss the same patient in this paper and use the
same slices for illustration. To make this paper self-contained, we include figure 1, which
shows an example of the simulated tumor cell density for a patient with a glioblastoma
located in the left parietal lobe§. Parameters for this simulation are λw = 4.2 mm and
λw/λg = 10.‖ The figure illustrates the spatial modulation of tumor growth through
the anatomical boundaries (falx cerebri and ventricles) and through the fast fall-off of
the tumor cell density in gray matter. It also shows the approximately linear fall-off of














Figure 1. Simulated tumor cell density for parameters λw = 4.2 mm and λw/λg = 10.
The color bar refers to the base-10 logarithmic cell density, which is normalized to one
in the center of the enhancing core.
§ Note that the right side of the image corresponds to the left side of the brain.
‖ A discussion on the role of the parameter λw/λg can be found in [10, chapter 3.3].
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2.1. Infiltration length
Ideally, the infiltration length is estimated for an individual patient based on the
available imaging data. One approach to this problem is based on the difference
in size between the contrast enhancing core on T1 gadolinium and the hyperintense
region on T2-FLAIR [31, 32]. To that end, it is assumed that the boundary of the
enhancing core corresponds to a high tumor cell density close to the carrying capacity,
whereas the hyperintense region on T2-FLAIR is associated with a lower tumor cell
infiltration. However, a quantification of the tumor cell density at the T2-FLAIR
boundary is problematic: For GBM patients, the hyperintense region on T2-FLAIR
contains infiltrating parts of the tumor, but also large regions of vasogenic edema.
Therefore, the boundary of the edema may correspond to a wide range of tumor cell
densities. Quantification is ultimately based on histopathological analysis after biopsy.
In [31] and [32], a tumor cell infiltration between 2% and 10% was assumed, which is
consistent with biopsy data presented in [33]. This allows for a coarse estimate of the
infiltration length: Assuming that the cell density drops exponentially by a factor of
exp(3) ≈ 20 between the edge of the enhancing core (where the cell density is close
to 100%) and the boundary of the edema (where the cell density is close to 5%), this
distance corresponds to three times the infiltration length. Thus, if (in white matter) the
edema extends 1 cm beyond the enhancing core, the infiltration length is approximately
3 mm. For an edema that extends 2 cm beyond the core, it is approximately 6 mm.
This concept of estimating the infiltration length is illustrated in figure 2 for the patient
discussed in this paper. Figure 2a shows T1 post contrast image; in figure 2b, we overlaid
the 10% and 2% isoline of the tumor cell density for λw = 2.1 mm on the T2-FLAIR
image. The blue contour is the 70% isoline which corresponds to the boundary of the
contrast enhancing core. The value λw = 2.1 for the infiltration length is appropriate to
approximately match the 5% isoline of the tumor cell density to the extent of the edema
in the left-anterior direction. Figure 2b also illustrates limitations due to the unspecific
nature of the hyperintensity of the T2-FLAIR image: the edema does not extend equally
far in all directions, even within white matter. Therefore, other imaging modalities
including PET may prove valuable in improving the estimation of the infiltration length
in the future (see section 5.2 for further discussion).
3. Redistribution of prescription dose
The desired radiotherapy dose distribution is determined by the conflicting objectives
of minimizing side effects of radiation and maximizing time of survival. Major side
effects of radiation include radiation necrosis and cognitive decline. The probability for
developing radiation necrosis is a function of the maximum dose delivered to the target
volume [21]. Other side effects, like brain atrophy and subsequent cognitive decline,
may depend on the integral dose delivered to the brain tissue. However, the published
data still lacks a clear demonstration of cognitive decline in adults according to the
Radiotherapy planning based on a tumor growth model 7
(a) T1 post contrast (b) T2-FLAIR
Figure 2. (a) T1 post gadolinium image of a GBM; (b) Isolines of the cell density
(70%, 10%, 2%) overlaid on T2-FLAIR for λw = 2.1 mm and λw/λg = 10.
recent Quantec review [21]. For treatment planning, these objectives are formulated
mathematically. For this section, we assume that in order to maximize time of patient
survival, treatment planning should aim at minimizing integral tumor cell survival after
the end of treatment. Radiation side effects are modeled via a maximum dose constraint
and an integral dose constraint.
3.1. Cell survival after radiotherapy
Cell survival after radiation is commonly described by the linear-quadratic cell survival
model with radiosensitivity parameters α and β. The density of surviving tumor cells s
after irradiation with a cumulative dose d in Nf fractions is given by
s = c exp (−αd(1 + κd)) (2)
where we have defined κ = β
αNf
. The α/β ratio for brain tumors is assumed to be in
the order of 10 as for many other tumors. In this paper, we do not investigate effects
of fractionation but consider absolute cell kill. In that case, the factor (1 + κdi) can be
considered as a small correction factor to the main radiosensitivity parameter α. We
want to neglect the dose dependence of the correction factor and evaluate the correction
factor at the mean prescription dose dp to obtain the effective radiosensitivity
ᾱ = α(1 + κ dp) (3)
Assuming that the mean dose prescribed to the target volume is 60 Gy in 30 fractions,
the correction factor is 1.2. If the dose in the target volume varies by ±50%, i.e. between
30 Gy and 90 Gy, the effective radiosensitivity varies by approximately 10%. This
variation is relatively small compared to the overall uncertainty in the radiosensitivity
parameter. Below, we therefore work with this approximation. Plausible values of the
radiosensitivity parameter are discussed in sections 3.4 and 5.2.
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3.2. Minimizing integral tumor cell survival
For treatment planning, we want to find the dose distribution d that minimizes integral













di ≥ 0 ∀i ∈ T (6)
where ci is the tumor cell density in voxel i obtained from the tumor growth model, di
is the dose delivered to voxel i, and T refers to the set of all voxels in the target volume.
Equation 5 represents a constraint on the integral dose with the mean prescription
dose dp. Without this constraint, the problem becomes unbounded, i.e. the optimal
prescription dose is infinite.
3.3. Qualitative behavior
The optimal solution to the optimization problem (4-6) can be written in closed form.
We note that the integral dose constraint (5) will be binding. We thus seek for stationary
























The constant µ > 0 corresponds to the lagrange multiplier that arises from the integral















where T̄ denotes the set of target voxels with nonzero dose prescription, i.e. the set
of voxels at which the positivity constraint (6) is not active. The optimal prescription
dose is thus proportional to the logarithm of the tumor cell density. This implies that
the optimal prescription corresponds to the dose distribution that yields homogeneous
cell survival after therapy within the region of initially high enough cell density.
Within the tumor growth model, the tumor cell density drops approximately
exponentially with distance from the visible tumor. Thus, the logarithm of the
cell density falls off approximately linear. Due to the linear dependence of dose on
logarithmic cell density, the optimal prescription dose falls off linearly with distance
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from the gross tumor volume. If we denote the distance from the visible tumor core by








with infiltration length λw. Inserting this expression into the formula for the optimal


















where dpmax is the maximum prescribed dose to the center of the tumor with highest
tumor cell density, which is larger than the mean prescribed dose dp. We conclude that
the dose drops linearly with distance from the gross tumor, and that the proportionality
constant is given by the inverse of the product of infiltration length and radiosensitivity.





which quantifies the steepness of the prescription dose fall-off in units of Gy per mm.
The optimal prescription dose drops fast if the tumor cells are radioresistant or the
tumor cell density drops fast. This result is intuitive: If ᾱ is large, i.e. tumor cells are
radiosensitive, a relatively small dose is sufficient to compensate for initial differences in
the tumor cell density and the dose fall-off is shallow. For small values of ᾱ, large doses
are required to compensate for initial differences in cell density. Thus, the dose is more
concentrated in the center of the tumor and the fall-off with distance is steeper.
3.4. Quantifying the dose fall-off rate
In order to quantify the dose fall-off rate, we require an estimate of the radiosensitivity.
The parameter ᾱ has been determined in in-vitro experiments for different human
glioblastoma cell lines. The resulting values vary over a wide range between 0.05 and
0.4 for different cell lines under different conditions (see [34] and references therein).
An effective ᾱ = 0.35 corresponds to a surviving fraction of 50% at 2 Gy. Given the
above range of radiosensitivity values and the infiltration length estimates in section 2.1,
plausible parameters for the dose fall-off range from roughly 10 Gy per mm (assuming
ᾱ = 0.05 1/Gy and λw = 2 mm) to 5 Gy per cm (assuming ᾱ = 0.35 1/Gy and λw = 6
mm).
3.5. Illustration of dose redistribution
We illustrate the optimal dose distribution for the patient shown in figure 1. For that
purpose, we first optimize an IMRT reference plan based on a target volume that is pre-
scribed to a homogeneous dose of 60 Gy. The target volume is given by the isoline of the
tumor cell density that yields the same total volume of the target as the contour that
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was drawn manually in the clinically applied plan. The treatment plan optimization
problem is specified in section 4. For this plan, we calculate the mean dose delivered
to brain tissue (i.e. any white matter, gray matter, or target voxel). This provides the
mean prescribed dose dp in equation (5), considering all white and gray matter voxels
as the set of target voxels T .
Figure 3a shows the optimal dose distribution in brain tissue that minimizes integral
cell survival for λw = 4.2 mm and ᾱ = 0.35 1/Gy. For these parameters, the dose fall-off
rate according to (12) is 7 Gy per cm, which is approximately seen in figure 3a. The
maximum prescribed dose in the center of the tumor is approximately 70 Gy, and the
dose at the edge of the CTV is lowered from 60 Gy to approximately 40 Gy.
For smaller values of the infiltration length or the radiosensitivity parameter, the
dose fall-off is steeper. For the same integral dose, this leads to higher doses in the
center of the tumor. Figure 3b shows the optimal dose distribution for the parameters
λw = 2.1 mm and ᾱ = 0.35 1/Gy. This leads to a maximum dose of approximately
90 Gy in the center of the tumor and a dose fall-off rate of 14 Gy per cm. Almost the
same result is obtained for an infiltration length of λw = 4.2 mm and a radiosensitivity
of ᾱ = 0.17.
For even smaller values of infiltration length and radiosensitivity parameter, the
dose fall-off becomes steeper, suggesting even higher doses to core. In the limit, all the
dose is concentrated to the region with highest cell density. In contrast, for very large
values of infiltration length and radiosensitivity parameter, the optimal dose becomes
more spread out over the brain. In the limit, the dose is spread out evenly over the
brain tissue.
3.6. Including a maximum dose constraint
In current clinical practice, the maximum dose to the tumor is limited to 60 Gy for
reasons discussed in section 1.1. We therefore discuss the optimal dose distribution that
minimizes integral cell survival given a constraint on the maximum dose (in addition to
the constraint on integral dose). For the parameter values used in figures 3a/b, this leads
to the optimal dose distributions in figures 3c/d. For these parameters, the maximum
dose constraint is binding in the center of the tumor. In the periphery, the prescribed
dose is given by equation (8), i.e. the dose fall-off outside the region that is irradiated
to 60 Gy is still given by 1/ᾱλw. This has the following consequence: For very small
values of the radiosensitivity parameter, the dose prescription approaches a binary dose
prescription in which 60 Gy is delivered to a target volume, with a steep fall-off outside.
4. Treatment plan comparison
In sections 3.5 and 3.6, we compare the idealized prescription doses. In this section, we
consider dose distributions that are physically realizable through intensity-modulated





















































Figure 3. Dose distributions in brain tissue that minimize integral tumor cell survival
for λw = 4.2 mm (a,c) and λw = 2.1 mm (b,d). For (c) and (d), the maximum dose
is constrained to 60 Gy; for (a) and (b), no maximum dose constraint is imposed.
ᾱ = 0.35 is assumed in all plots.
radiotherapy. We formulate the IMRT planning problem in section 4.1; in section 4.2 we
illustrate the differences in the dose distributions for the conventional dose prescriptions
and the model derived prescription doses. Below, we analyze the patient shown in
sections 2 and 3; in the appendix we show results for a second patient with a multifocal
GBM located in the temporal and frontal lobe.
4.1. IMRT planning formulation
We optimize an IMRT plan using 9 equally spaced coplanar 6MV photon beams and a
piece-wise quadratic objective function. The optimization problem is solved using our
own implementation of the L-BFGS quasi-newton method; dose-calculation is performed
using the pencil-beam dose calculation algorithm, Quadratic Infinite Beam (QIB),
embedded in CERR 3.0 Beta 3 (see [35]). More specifically, we minimize the following























































The first term (13) denotes overdose objectives for the organs at risk (OAR). For the
maximum doses dmaxη and weighting factors w
o
η, we use the values summarized in table
1 in the accompanying paper [10]. The second term (14) denotes over and under dose
objectives within a confined target volume T . For the comparison in this section, T
is the model derived target, which has the same total volume as the CTV used in the
clinical plan. The third term (15) aims at delivering the prescribed dose to voxels
outside of T ; and the forth term (16) represents a conformity objective that penalizes
dose to unclassified voxels outside of T (including skull, brain tissue, ventricles). The
conformality objective for an inhomogeneous prescription dose in defined in equation
(9) in [10].
wo wu dgrad dlow
Target 10 20 - -
Unclassified 10 5 40 20
Table 1. Objective function parameters used for IMRT optimization
4.2. Dose comparison
Based on the IMRT planning formulation (13-16), we optimize three treatment plans
corresponding to three prescription dose distributions. Figure 4a shows the IMRT dose
distribution for a homogeneous dose prescription of 60 Gy to the CTV. The prescribed
dose outside of the CTV is set to zero. Figure 4c shows the IMRT plan for the
prescription dose in figure 3c, which corresponds to a dose falloff rate of 7 Gy per
cm and a maximum target dose of 60 Gy. Figure 4d shows the difference of the dose
distributions in 4c and the homogeneous prescription in 4a. The dose distribution that
uses a falloff rate of 7 Gy per cm leads to approximately the same dose distribution in
the posterior region of the target volume. At the edge of the target volume (primarily
on the contralateral side and anterior part on the ipsilateral side), the dose is reduced
by 10-15 Gy. In regions outside of the target (but adjacent), the dose is increased by
up to 15 Gy.
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Figure 4e shows the IMRT plan for a the prescription dose in 3a, i.e. a dose falloff
rate of 7 Gy per cm and no maximum dose constraint. The maximum prescription dose
in the center of the target is approximately 70 Gy. This corresponds to a moderate dose
escalation to the central region of the tumor, but keeping the integral dose to the brain
constant. The dose difference compared to the homogeneous prescription case is shown
in figure 4f. It illustrates dose increases in the center of the tumor and regions adjacent
to the target; decreased doses are observed around the edge of the target volume.
In figure 4b we show the plan for the commonly used ”cone down” approach in
which 60 Gy is prescriped to the boost volume and 46 Gy to the CTV ¶. Comparing
the dose distribution in figure 4c to the cone down approach in figure 4b shows that
the dose distribution within the CTV is very similar, i.e. a dose fall-off rate of 7 Gy
per cm lead to a similar result as the cone down approach. However, the IMRT plan in
4b aims at reducing the dose outside the target, whereas the plan in 4c has a non-zero
prescription dose in regions adjacent to the target. Thus, the integral dose in 4c is
higher compared to 4b.
4.3. Controlling conformity for complex prescription dose distributions
Anatomical barriers and gray matter surrounding sulci lead to complex spatial dose
prescriptions. Figure 4 shows that IMRT can reproduce the main features of the
idealized prescribed dose distribution. However, an appropriate formulation of the IMRT
planning problem is necessary to control the trade-off between matching the prescribed
dose distribution and sparing uninvolved healthy tissue. In the formulation in section
4.1, we aim at matching the prescribed dose relatively accurately in the region of the
target volume, using a high weighting factor wuT . Outside of the target, the formulation
also aims at delivering the prescribed dose, but a separate (lower) weight wuH is assigned.
The use of a fall-off objective generalized to non-uniform prescription doses, together
with separate weights wuT and w
u
H where found adequate for controlling the tradeoff
between matching the prescription dose and reducing integral dose.
5. Discussion
5.1. Implications for dose prescription
Infiltrative glioblastoma lack a defined boundary. Individual tumor cells that infiltrate
the brain parenchyma can be found at several centimeters distance from the contrast
enhancing tumor mass. This questions the paradigm of a radiotherapy target volume
that is treated to a homogeneous dose. Under the assumption of exponential cell kill and
an exponential fall-off of the tumor cell density, minimizing integral tumor cell survival
for a constrained integral dose suggest a linear fall-off of the prescription dose with
distance from the tumor core. The proposed concept of a dose fall-off rate represents a
¶ This plan is optimized based on the objective detailed in section 4 in [10].
































































(f) dose difference: (e) minus (a)
Figure 4. IMRT dose distributions in brain tissue for different prescription doses:
(a) homogeneous prescription of 60 Gy; (b) 60/46 Gy prescribed to the boost/CTV;
(c) for the prescription dose in figure 3c; (d) dose difference of (a) and (c); (e) for the
prescription dose in figure 3a; (f) dose difference of (a) and (e).
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quantitative approach to relate dose prescription to underlying parameters for radiation
response (ᾱ) and the infiltrativeness of a tumor (λ).
Dose prescription without maximum dose constraint: If no constraint on the maximum
dose is imposed, this approach will typically suggest a redistribution of the dose towards
higher doses in the center and lower doses at the periphery of the CTV as illustrated
in figures 3a and 3b. For small values of the infiltration length and the radiosensitivity
parameter, the dose is concentrated in the center of the tumor. The dose fall-off in
the periphery is steep for the following reason: for a small infiltration length, the cell
density drops fast with distance; and for a small radiosensitivity parameter, large doses
are required to compensate for initial differences in the cell density. In contrast, for
large values of the infiltration length or the radiosensitivity parameter, the dose fall-off
becomes more shallow. This approach is intuitive, especially regarding the fact that
the vast majority of tumors recur at the primary site. However, escalating the dose
to the central tumor mass is a controversial topic due to the negative outcome of dose
escalation trails [18]. Therefore, we also discuss the application of dose fall-off rate
concept given a maximum dose constraint.
Dose prescription with maximum dose constraint: Under the assumption that the
maximum dose is kept at 60 Gy, this approach suggests the delivery of 60 Gy to an inner
target, surrounded by a peripheral target in which the prescription dose falls off linearly.
For radioresistant tumor cells, the dose fall-off is steep, resulting in an essentially uniform
dose prescription (figure 3d). For example, assuming a radiosensitivity of ᾱ = 0.1 and
an infiltration length of 3 mm, which appears realistic, the model suggests a dose fall-
off rate of approximately 30 Gy per cm. This roughly corresponds to the dose fall-off
that is naturally achieved for an IMRT treatment plan for a uniform dose prescription
- due to the physical characteristics of a photon beam. Thus, under these conditions,
the optimal dose prescription is consistent with current clinical practice in which a
homogeneous dose of 60 Gy is delivered to the CTV.
Comparison to cone-down approach: The alternative ”cone down” approach commonly
used, in which 46 Gy is prescribed to the CTV and 60 Gy to a boost volume, corresponds
to larger values of either radiosensitivity or infiltration length. For example, assuming
a radiosensitivity of α = 0.2 and an infiltration length of 3 mm, which appears realistic
for some patients, the model suggests a dose fall-off of approximately 15 Gy per cm.
This is consistent with the cone down approach under the assumption that the edema
extends about 1 cm beyond the enhancing core and that the same margin is added to
obtain the boost volume and the CTV from the enhancing core and the T2-FLAIR
abnormality, respectively. In our approach, the linear fall-off of the prescription dose
continues beyond the CTV contour prescribed to 46 Gy. Thus, our approach suggests
to increase the dose in some regions outside the CTV contour, compared to the dose
that is naturally delivered due to the depth dose curve of photon beams.
Radiotherapy planning based on a tumor growth model 16
5.2. Model limitations and parameter uncertainty
An application of the dose fall-off rate concept requires an estimation of radiosensitivity
and infiltration length. Furthermore, personalizing the prescribed dose distribution to
the patient at hand requires methods to estimate these parameters based on patent data
acquired prior to treatment. The estimation of both parameters is currently related to
large uncertainties.
Estimating radiosensitivity The radiosensitivity parameter ᾱ has been determined in
in-vitro experiments for different human glioblastoma cell lines. The resulting values
vary over a wide range between 0.05 and 0.4 for different cell lines under different
conditions (see [34] and references therein). In addition, attempts to estimate a
radiosensitivity parameter in vivo from imaging data have been proposed [36]. However,
such approaches need further validation. The estimation of radiosensitivity based on
patient data acquired prior to therapy is further complicated by the heterogeneity of the
tumor. Glioblastoma consist of different cell populations with varying radiosensitivity.
In particular, the infiltrating tumor cells may behave differently from cells in the tumor
core, which itself is heterogeneous, typically showing regions of hypoxia and necrosis.
Potential differences in radiosensitivity between core and periphery are relevant in the
context of increasing the dose to the core, i.e. the scenario without maximum dose
constraint. If, instead, the prescribed dose is limited to 60 Gy, we are only interested
in the dose fall-off in the periphery. This is determined by the radiosensitivity of the
infiltrating tumor cells rather than the radiosensitivity of the enhancing core.
Estimating the infiltration length Current approaches to estimate the infiltration length
are based the difference of contrast enhancing tumor volume and the hyperintense region
visible on T2-FLAIR [31, 32]. The use of the T2-FLAIR image has inherent limitations
due to its unspecific nature and a weak correlation between tumor infiltration and
vasogenic edema. This results in large uncertainties in the infiltration length estimation.
Modern imaging modalities, in particular PET and MR Spectroscopy have significant
potential to improve the assessment of infiltrative disease and the estimation of the
infiltration length. In PET imaging, tracers for amino acid metabolism (e.g. MET and
FET) have been suggested as surrogares for tumor [4, 5, 6, 7]; in MR Spectroscopy
attempts to correlate the choline over NAA ratio (N-Acetylaspartat) have been made
[33]. However, PET and MR Spectroscopy both suffer from a low spatial resolution.
In addition, more biopsy studies guided by these imaging modalities are required to
establish a quantitative relationship between signal intensity and tumor cell density.
5.3. Further remarks
Margin expansion versus dose redistribution: It should be noted that the model
discussed in this paper only predicts the steepness of the dose fall-off. The volume that
is irradiated to the maximum dose, i.e. at what distance from the contrast enhancing
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core the fall-off is located, is determined by the integral dose constraint. This has
to be determined based on a tradeoff between radiation side effects and the risk of
marginal recurrences. McDonald [15] analyzed outcomes for glioblastoma treatments
with substantially reduced target volumes, and reported no deterioration in survival
or increase in marginal recurrences compared to historical controls. This suggests that
the integral dose, and therefore the volume that is irradiated to 60 Gy, can be reduced
compared to current practice.
Low grade gliomas: In this paper, we discussed the implications of the proposed tumor
growth model for glioblastoma patients. With minor modifications, the same model
is applicable to low grade gliomas, which are assumed to show the same infiltrative
growth patterns. Similar to high grade glioma, dose escalation trials have shown a point
of diminishing return for doses above approximately 50 Gy. In contrast to glioblastomas,
patients receiving radiation therapy for low grade gliomas survive many years to decades.
Thus, determining the optimal tradeoff between tumor control and the minimization of
integral dose (to reduce long term side effects) may be more important for low grade
gliomas than it appears for glioblastoma. In order to apply the to low grade gliomas,
a delineation of the tumor core (which is associated with an isoline of the cell density)
is needed as input (see [10, section 2] or [30]). Unlike glioblastoma considered in this
paper, low grade glioma typically do not show a contrast enhancing core. Consequently,
a different imaging modality has to be used for that purpose. This can, for example, be
the abnormality on T2-FLAIR.
6. Conclusions
The Fisher-Kolmogorov glioma growth model yields an exponential fall-off of the tumor
cell density with distance from the tumor core. For an exponential cell kill model,
minimizing integral tumor cell survival in radiotherapy planning suggests a linear fall-
off of the prescription dose with distance from the core. We introduce the dose fall-off
rate in units of Gy per mm, which quantifies the steepness of the fall-off and is given
by the inverse of radiosensitivity times infiltration length. The dose fall-off rate is a
concept that reflects the absence of a defined boundary of infiltrating gliomas and could
replace the paradigm of a confined target volume with constant dose prescription.
Without a constraint on the maximum dose, the approach suggests (for typical
parameter values) a dose increase to the tumor core and a reduction of dose at the
periphery where the tumor cell density is low. Although intuitive, dose increases to
the core are controversial because clinical dose escalation trials for GBM failed to
demonstrate a survival benefit. Therefore, we also discuss the application of the dose
fall-off rate concept given a maximum dose constraint.
If the maximum dose is constrained to 60 Gy, the model suggests delivering 60 Gy to
an inner target volume, which is surrounded by a linear dose fall-off region. The clinical
approach, in which a homogeneous dose of 60 Gy is delivered to the CTV, corresponds
Radiotherapy planning based on a tumor growth model 18
to our approach under the assumption of weakly infiltrating tumors and radioresistant
tumor cells. The ”cone down” approach, in which 46 Gy is delivered to the CTV and
60 Gy to a boost volume, is consistent with our approach for more infiltrating tumors
and radiosensitive tumor cells.
The dose fall-off rate represents a quantitative approach to relate dose prescription
to underlying parameters for radiation response and the infiltrativeness of a tumor.
Current uncertainties in radiosensitivity and infiltration length lead to a large interval
of plausible dose fall-off rates. The dose distributions prescribed in current clinical
practice fall within this range. However, if better methods to estimate radiosensitivity
and infiltration length on a patient-by patient basis became available, the concept could
be used to individualize dose prescription.
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Appendix A. Multifocal temporal/frontal lobe case
In this section, we demonstrate the concept of dose redistribution for an additional pa-
tient showing a multifocal GBM located in the left temporal and frontal lobe. The use of
the tumor growth model for target delineation, and the differences compared to manual
target delineation, are described in the accompanying paper ([10, Appendix A.1]). Here,
we show an IMRT plan comparison using the same planning parameters as in section 4.1.
Figure A1b shows the ideal dose prescription for the parameters λw/λg = 10,
ᾱ = 0.35 1/Gy, λw = 3 mm, and a maximum dose constraint of 70 Gy. Figure A1a shows
the IMRT plan for a uniform dose prescription of 60 Gy to the CTV; figure A1c shows
the IMRT plan for the prescription dose in (b); and A1d displays the difference of the
two dose distributions. The parameters for radiosensitivity and infiltration length yield
a dose fall-off rate of approximately 10 Gy per cm. In figure A1, this becomes most
apparent in the white matter regions in the contralateral frontal lobe and ipsilateral
parietal lobe. Here, the dose falls from 70 Gy to approximately 50 Gy at the edge of the
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target volume. In regions where the target volume is bounded by CSF or gray matter,
the desired dose fall-off is much steeper and not determined by the dose fall-off rate.














































(d) dose difference: (b) minus (c)
Figure A1. Illustration of dose redistribution for a patient with a multifocal GBM
located in the left temporal and frontal lobe. (a) ideal dose prescription for α = 0.35
1/Gy, λw = 3 mm and a maximum dose constraint of 70 Gy; (b) IMRT plan based on
the dose prescription in (a); (c) IMRT treatment plan for a homogeneous 60 Gy dose
prescription to the CTV; (d) dose difference of (b) and (c).
